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SUMltARY 



The vortex "blade-element theory modified to apply to 
an axial fan working in a duct is reviewed. Thrust and 
power coefficients for a fan are identified with the cor- 
rosponding coefficients for airplane propellers, Tho re- 
lation of prosBuro produced hy the fan to the blade-element 
coefficients is developed. The di strihution of axial ve- 
locity of fluid through a fan is assumed to he controlled 
hy the fan itself. The radial distribution of tangential 
velocity imported hy the fan to fluid moving through the 
fan is shown to ho ^independent of the axial-velocity dis- 
tribution, 

A nondimensional coefficient, designated the rotation 
constant, is introduced. This constant is based solely 
upon design information. The use of- the rotation constant 
in simplifying the design of a fan for a specific operat- 
ing condition is demonstrated, Sased on the use of the 
rotation constant, a graphical method is outlined by which 
the performance of a given fan in a given wind tunnel may 
be predicted and by. which the distributions of axial veloc- 
ity of the fluid through the fan undor various operating 
conditions may bo established. 

INTRODUCTION 



Comprehensive treatm.ent. of factors bearing on the op- 
eration of axial fans have been made by several investi- 
gators, following customary procedure, " each investigator 
assumed that the axial velocity of fluid through the fan 
was uniform. Ignoring viscous distortion of the velocity 
distribution, this assuinption is logical for the design 
condition but' may not, of necessity, hold for all operat- 
ing conditions. Radially nonuniform axial velocity under 
some operating conditions is -mentioned in roforonce 1, 
Porformanco estimation for a fan that must work over a 
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range of operating conditions can "be made only "by some pro- 
cedure whicli takes account of the interrelation of axial 
velocity and torque distributions. 

This paper deals only with the aerodynamics of the 
fan proper and demonstrates the manner in. which the. radial 
distribution of axial velocity of- fluid through a fan is 
governed hy the geometry of the fan itself. Although spe- 
cial reference is made to a wind-tunnel fan, the conclu- 
sions arrived at here apply to any single-stage fan work- 
ing in a close duct. Some of the derivations published in 
tho reforoncos are ropoatod here, hut a consistent notation 
is used to coordinate tho work of vario\is authors, DJho 
vortex "blado-olbmont theory modifiod to apply to a fan' work- 
ing in a duct is developed, A direct procedure is ind,i- 
catod for design of the optimum fan for a given oomhina- 
tion of mass flow, shaft speed, power, and fan diameter, 
A relation is established between elemental torque coeffi- 
cient, axial veloc'i'ty, radius, and a rotation constant,' 
Based, on this relation, a method is given by which perform- 
ance charts for a'fan may bo prepared, 

SYMBOLS 



D diamotor of fan .' - . . ■ 

Dq hub-housing diameter 

r radius of. any blade element under consideration 

Tq hub-housing radius • : 

n shaft speed, revolutions per second 

V axial velocity of fluid through fan 

(JU angular. ,76.1.0 city imparted to fluid by fan 

w = lur, tangential- velocity at radius r iiapartod" to" 
fluid by fan ..... ' ' : 

Vf final voLo.city pf air 'aft 6X leaving fan;* vocto.r sum" 
of ... 7 and ".w , ' ' / V."." - .■ < 

Vjj veLoclty of f luid .relative tb 'blade element; vector 
sum- of (V + Srfr.n - w/2) 
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J slip function (7/nD), significant only when based 
on uniform axial velocity 

J' slip function "based on axial velocity at a radius r 

0 helix angle = tan"""" -r- ~ TTT 

P blade angle 

reference blade angle 

a angle of attack = p - 0 

b blade width, or chord 

h airfoil section thickness 

B number of blades 

L lift 

Oj, lift coefficient 

D drag . . . 

E resultant force, vector sum of L + D 

7 tan-^ D/1 

P mass density of air, slugs per cubic foot 

% torque 

torque coefficient T-—— 
° \pV^D=5/ 

Qc' olemontal torque coefficient 

0.5 

B / "ic' i (J) = 4e 
On torque coefficient ( — ^ — 
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elemental torque coefficient 

0. s 

B / Oq' d (0 = , 

poTrer input to fan 

power coefficient ( SttOo = — - — ^ 

thrust, shaft tension 

thrust coefficient { — r-r'^ 

elemental thrust coefficient 



O . 5 



thrust coefficient (- 



Vpn^] 

elemental thrust . coeffi cient 



profile efficiency 

rotational efficiency 

fan efficiency 

mass flow through fan 

/ P 

rotation constant /■ 



V.(nD)^BM 



) 



0.6 
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/ 1 p V 3 A \ 

3 energy ratio of wind tunnel \^ — - g^ ^/ 

X fan wind-tunnel constant (defined in appendix D) 

p static-pressure increment across fan 

dynamic pressure due to rotational component of veloc- 
ity downstream from fan 

A area 

C> ^xt Oq, etc. constants 

Subscripts: 
F fan 
5} throat 

Primed symhols refer to "blade elements. 

BLADE-ELBMSI^T THEOBY 



A Tector diagram of forces and velocities acting on a 
"blade element is shown in figure 1, The Blement is a sec- 
tion of a fan "blade at radius r and is of area "b X dr. 
The rotational interference velocity, designated a' (grrrn) 
in reference 2, is assumed in this derivation to "be w/2, 
one-half of the final rotational velocity imparted to the 
annulus of air "by B "blade elements at radius r. This 
assumption is used in references 1 and 3, The inflow ve- 
locity, aV in reference 3, for a fan working in a duct 
is assumed to "be zero. The torque, power, and thrust 
characteristics derived here are expressed as coefficients 
identical with the propeller charactoristics defined in 
roforonco 2, 

dL = i p Vt,^ 0, h dr = i P — ^ — Or, 15 dr 
2 ^ ^ 2 sin^ ^ ^ 



CLE = = p V D 

cos 7 



LB sin^ 0 cos 7 J 
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D ^2 



2 sin^ 0 COB 7 

Por ono tlado 

dE = P 7^ E d(| 
^or B "blades, 

~S = dH sin (0+7) B 



dQ = p V® B K ~ sin (0 +7) df - 



Define 



= K ^ Bin (0 + 7) (1) 



dQ = p B Q^t d(| 

In a later analysis the axial velocity will "be con- 
sidered nonuniform. Since over-all thrust and torque are 
obtained "by integration along the radius of the elemental 
thrusts and torques, velocity varying with radius must re- 
main under tho integral sign. It is "better, thoreforo, to 
use coofficionts that include tho axial volocity. 



dq = p 3 Qc' T-^^ d r~ 



= P n^ S. Oq» d (^1) (2) 

0,5 

q = P n^ B J 0^^ d (£) . 

Q = .P n^ (3) 
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Similarly for thrust for one blado, 

cLT = dS COB (0+7) 

Por B 'blados, 

dl = p B E cos (0+7) d (|) 

Dof ino 

Eq' = Z cos (0 + 7) (4) 

dT = p 3 Tq' d (^l) (5) 

= P B le- (^T ^ (I) 

= P n= B Oj' d (j) (6) 

0 . 6 



P a" B / Oj' d ^1 



E = P D* Ojj (7) 

The cfficioacy of a blade olomoat, 

dT V - ■ 



Til = 



^rrn dQ 

■ V 



Zntn taa (0 .+ 7) 

taa(0 + 7) L grrrn - £ J 

-. 2 ■ 



- 1 / T N ;/i ■w-/3 \ 

taa (0 + 7) V,' 

•2 
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tan (5$ + 7) \ 2Trrn / ^ ' 

In appendix A the factor (l - -^/^ ^ is shown to rep- 

\ Snrn / < ■ 

resent the rotational efficiency of the hlade element, 

The ratio . - represents the profile efficiency 

tan (0+7) 

and is the expression arrived at hy simple hlade- element 
theory, 

FR3S3URS BELATIOKS 



Consider a fan unit working in a closely fitting cyl- 
indrical duct and moving' a nonvlscous incompressihle fluid. 
Limit the length of the cylindrical portion of the duct to 
a short distance on each sido of the fan and lot the duct 
torminato in infinitely largo conos expanding upstream and 
downstroam* In order to avoid having to deal with rotation 
of tho fluid, regard tho fan as an actuator disk, Tho as- 
sumiption of incomprossihlo flow domands tliat thoro be no 
discontinuity of axial velocity at the fan. Useful energy 
imparted to the flow "by the fan, therefore, must appear as 
increase in static pressure. 



At a distance upstream where the velocity of flow is 
negligibly small, pressure energy in the fluid is entirely 
static pressure and is equal to the total pressure. Inas- 
much as there can be no pressure gradient in motionless 
flow (if gravity is ignored) the total pressure is con- 
stant for all streamlines, Sy Bernoulli's theorem the to- 
tal pressure is constant along any one streamline; hence, 
the total pressure is constant throughout the flow at all 
points upstream from the fan. The same reasoning can he 
applied to show that the total pressure is constant 
throughout tho flow downstream from the fan. It then fol- 
lows that the increment in total pressure across the fan 
must he constant over the entire fan disk and must appear 
only as an increase in s-tat ic- pressure". . 

The fact that the static-pressure increment across 
the fan is constant over the disk places no restrictions 
on the distribution of s.tat.ic .pressure and axial velocity, 
which is governed by the. relative amounts of work being 
dono by various regions of the fan. If tho tip portion of 
tho fan is working harder than tho portion near tho hub. 
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an axial Telocity greater than the mean is induced through 
the region of the tip and is accompanied "by corresponding- 
ly lower static pressure in that region on both sides of 
the propeller disk. The portion near the huh, doing rel- 
atively less work, cannot maintain an axial velocity as 
groat as the moan; consog.uontly , higher static pressures 
on "both sides of the propollor disk ozist in this region, 
The static-pressure incromont across the fan, however, is 
ev»rywhoro the samo and the axial velocity through any 
region is directly proportional to the relative amount of 
work "being done hy that portion of the fan. 

In the design of a fan, the distrlhution of axial 
velocity must he assumed and is often regarded as uniform. 
If diameter and shaft speed are known, the optimum fan can 
■fae designed for the given value of J» Whenever the fan 
is required to work at a value of J other than the de- 
sign value, some portion of the fan is forced to do rela- 
tively more work than another and a nonuniform axial- 
velocity distribution results. Aerodynamic characteris- 
tics of the fan, therefore, cannot bo predicted by the 
assumption of a uniform axial-velocity distribution: under 
all operating conditions. 

The conclusion that a constant static-pressure incre- 
ment exists over the entire propeller disk was based on 
the assumption that no rotation was imparted to the fluid 
as it passed through the fan. Consider a single fan, with- 
out countervanos , If the fact is acknowledgod that the' 
torque driving the fan reacts only on the fluid and that 
the fan doos Impart rotation to the fluid, then account' 
must be taken of variation in the static-prossuro incro- 
mont across the fan disk, due to centrifugal pressure. 
The axial velocity of a fluid particle (in incompressible 
flow) is not changed during passage of the particle through 
the fan. The absolute velocity of the fluid particle, 
however, is increased because of the rotational velocity 
imparted to it by the fan. Inseparable from this rotation 
is an accompanying centrifugal pressure downstream from 
the fan, which is manifest as static pressure. The cen- 
trifugal pressure increases radially from hub housing to 
duct wall and at any radius is equal to the integrated 
centrifugal pressure increments from the hub housing to 
that radius. It is now app&rent that the fan imparts en- 
ergy to the fluid as an increase both in static pressure 
and in absolute dynamic pressure and that the static- 
prossuro increment being partly centrifugal cannot bo con- 
stant ovor tho ontiro fan. Investigation of the distri- 
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Tjution of .these pressure increments over the, fan. disk is 
now in order , The flow pattern' telng as's-amod symxaot'rical 
about- thb' fan axis, invest iga'ti'on may" ho' cohf inod- to "a 
piano through tho axis' in the' region hetwoon tho h'uV hp-us- 
ing an^ dvttet wall. (So.o f igV 2.) * '. " ' ' . : 

■ The, only, radial variation of the . static-pressure' in- 
cr emient ' through the fan is the variation' of the centrifu- 
gal ■ pre s sure ; hence the static-pref'^sure gradient is the 
oentrif ugai-pressure gradient, which ie 



dp 
dr 



pw^r 



dp = Puj r dr 



(9) 



The hlade-element theory, equation (5), shows tho 
prossuro at radius r to "bo 



P = 



dT 



2TTr dr 



P VD'B Tc' d(g 



2ttD' 



1 dr. 

D 



r\ 



p' = 



P V 3 Tp' 
2rT |.- 



If equations (l) and (4) are combined and K Is eliminated, 
expressions for Tq' and p can be obtained 



T ' = - 



I tan. (0 + 7) 



P - 



tan 



(10) 



+ 7) 



Inasmuch- as the gradient of pressure increment is 
given as a function of- the angular velocity imparted to 
the fluid by the fan-, it would be useful to. know the pres- 
sure increment ,in terms of tho same parameter. The torque 
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required to impart, angular velocity u> to an annulus of 
fluid at radius r is given "by ^ 

dq = 27Tr dr ?7ruw = SrrPD^ (^) VuJr d (^j^ 

Sy 13 lade- element theory, 

dQ = p D3 3 d (I) 

P 7= D= B. Q^. d (|) = anrP D= (1)^ 7u,r d g) 



2rT 



Q ' V B 
lur = — ~ = w 



(§)' 



(11) 



If tlie values in ei^uation (11) are sulsstituted in 
equation (10), the pressure increment is expressed as a 
function of angular velocity and radius. 



P = 



p y U) r 
tan (0+7) 

. ' p'c'r p (^^" - I) 



^.'-tan (9l + 7) (^grrrn - |) J 



•'P"='P'^ r { Sirrn 



\ -2/ -ta 



.ta;i 



2/ .-tan .(9(..+;7) ■ 



p u> r' 



TI2) 



It is not feasible to esprese the profile efficiency as a 
function of either of the independent variahles in equa- 
tion (12). The profile efficiency may te assumed to be 
unity (that is, 7 = 0°) without introducing much error. 
In order to determine the extent of its influence, however, 
profile efficiency will be retained and regarded as a con- 
stant • 
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TUb differential of pressure increment, froin equation 
(12). is 

d.p = -no ' P ^^^^ (- (^""^ "* 2) (^^^^ + r^du)) j 

dp = r)^. p ^Z-Ziii^ + 4^nujrdr + arrnr^ dcu-u;^ rdr ....iJE^y.. 

<iP = "Ho' . P ^ ^- 3PUJdu) + 4TTnujdr + SrrnrdU) - ou^dr^ (I3) 
If dp is eliminated "between equations (9) and (13), 

dr = Tj^f ^- lurdcju + 4rrnujdr + Snrnrdw - dr^ (14) 

Tiie steps followed in solving equation (14) are given 
in appendix B; tlxe solution is stated in the following 
equation: 



jiu - 0 r-iiis^ - -^v'"^° (15) 

2TTa \1 +.r\^ 2'nn/ 



'o 

OTsservation will show that, for rd'a'sona'ble values of (u, 

n, and "H- , the function ( 2_ „ .-i^] is always 

° . . Vl + "Oo 2TTn/,.'. ■ 

nearly equal to unity. The error introduced "by assuming 
perfect profile efficiency is much less than 1 - tIq, The 

simplifying;' assuTaptl'oB -fliat 7 = 0°- made in references 1 
and 3 is found" justi'f laTile for equation (15) and will "be 

used here; therefore- is a constant, The expres-- 

2n-n •• " ^ 

sion 2Trn is a constant' for all radii. 

" . r^uj ; == ■■Oj. ■ • • (16) 
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Eq.uation (17) stLows that, as the fluid travels down- 
stream from the fan, its tangential velocity is inversely- 
proportional to the radius. This expression was derived 
"by considering the interrelation of thrust, torque, tangen- 
tial velocity, and pressure. Although, individually, these 
quantities are functions of the axial velocity of the fluid 
at the radius of the 'blade element, the final expression 
is indopondent of axial velocity. Equation (17) will "bo 
considered to hold for any radial dlstrihution of axial ve- 
locity, 

A useful relation "between elemental torque coefficient 
and radius can "be olitained "by com'bining equations (11) and 
(17). 




SrrOg r 



Multiplying through by — ^— ^ gives 



^c' ^ = -T^ 5 

7, 

(nD) 



■ q^. (IX = 2ll£a ^ 2. (18) 
° VjaD/ B nD D nD 

From equation (1?) it can "be seen that the dimensions of 
the constant Gq are in feet per second. The constant 

2TrO„ 

- — ^ is therefore nondimensional. The rotation constant 

B nD 

2TTCa 

defined as T = = — ^ holds for every operating section af 

B nD * J- & 

the propeller at a givan instant. Since T/nD for a 
"blade element is J' , eqxiation (18) becomes 

■ Qq' = -TJ* I (19) 

It is desirable to define the rotation constant in 
terms of basic wind-tunnel fan information, Thus, 

P = 2nn Q = 2rTn P B y O^;^' d 
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r . /r 



0.5 

P = T B I^Stt P V I d (^j 



:r/p) 



0 



T = 7~| (20) 

(nD) B M 

As might be expected, the rotation constant is also one 
of the many possi'ble power coefficients. 

By use of equation (19)) other 'blade-element coeffi- 
cients 1360006 

- ^ ^ 



2 sin^- 0 cos 7 J« .sin + 7) 

_ . SD T sin° d cos 7 v 
■ = "Ji Sin (/+ 7) " ^^^^ 

Usually 1 > cos 7 > 0.998 

C„' = J/' ^, ... (22) 

■"^ tan (0 + 7) 

A point of interest, "brought out in references 1 and 
3, is that the increment of total pressure across the fan 
disk is constant at all radii. Centrifugal pressure at 
any r/D station is ' 

dp = P u^a jd (0 
If equation (1?) and the definition of T are used,. 
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T B n D 
^5 



(23) 



U) = 



T B n 



dp = P 



/:T B n (§) 



(d: (it 



The accompanying alisolute dynamic pressure Increment is 



<lw = - w 



P / T B n D \^ 1 
~ 2 ^ 2rr 7v 



=■ £ ( ^T B. n 



(24) 



If " count ei! vanes are used, the increment in static . 
pressure is constant, over the entire fan. 

The assumptions upon which the coefficient derivations 
are "based do not hold in practice. Wind-tunnel fans work 
in air, a viscous compressihlo fluid. Owing to viscosity 
a houndary layer having a radial gradient of axial velocity 
exists. This distortion of tho axial velocity pattern is 
independent of tho inf luonco of the fan eind makes null tho 
conclusion that tho total ipressuro -lis constant for all 
stroamlinos. Because mass flow through ovory cross soc- 
tion of tho systom must ho tho same, tho comprossihlo air 
must docolorate slightly during pasfiago' through tho fan 
into a^rogion of higher pressure, ..Q^xo fact, that profile 
efficiency is lossr than unity has already "boon discussed, 
Hono of those discropancios is holiovod to .ho of suffi- 
cient- con9eq.uoncc to invalidate tho roasq^iing. "by which tho 
derivations wore ohtainod. 
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G?he defined coefficients are readily applicaTile to 
fan design and perforiaance estimation. 
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The dosign of the optimum fan for a rind tunnel de- 
pends more upon the decisions of the wind-tunnel designer 
than upon those of the fan designer. When the driving 
power, volume flow, fan diameter, and huh-housing diameter 
have been chosen, the efficiency of the fan is fixed. Re- 
lation hotweon driving power and volumo flow is exprossod 
hy the "oncrgy ratio" of tho wind tunnel, which is tho ra- 
tio of powor in the air in a cross section- of the test Jet 
to power input to the fan. 



(25) 



In order to estimate the power required to produce a given 
throat velocity, the designer must first estimate the en- 
ergy ratio. The estimation of th« energy ratio of a re- 
turn flow wind tunnel is troatod in roforcnco 4. Although 
proooduro hasod on drag estimation and expansion " ratio may 
bo followed to detormi.no tho onorgy ratio of a wind tunnel, 
estimation from experience is usually relied on. 

for a given volume flow and hlade-tip speed, the ro- 
tational eff iiciency can he shown to improve as the ratio 
of huh-housing .diameter to fan diameter D©/-^ increasesi 
Rotational efficiency for the entire fan, assuming a uni- 
form axial-velocity distribution, can -be expressed as 



= 1 - 



(TTnD)° M 



log 



(26) 



The derivation of- this expression is given in appendix C, 
and the function of Dq/D is plotted in figure 3. 



Change in the ratio ^o/2> may also be made to influ- 
ence the prof ile efficiency of tho fan. Profile officion- 
cy for a single blade element,, tan 0/tan (0 + 7), is 
shown, in reference 2, to bo greatest when 
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The value of 7 can lie estimated with very small error. 
If volume flow, fan diameter, and rotational speed are 
fixed, an arrangement similar to that shown in figure 4 
will give high profile efficiency as well as liigli rotation- 
al efficiency. Tho abrupt incroaso in tunnol-wall diamo- 
tor permits the use 6f tho prodotormined largo-diamotcr 
fan at a location where tho air velocity (assumed uniform) 
will at some moan radius give a desirahly largo helix an- 
gle, Tho huh housing is shaped to prosorvo the continuity 
of flow area for tho correct rate of diffusion. 

Limitations to the gain, in efficiency ohtainahle "oy 
increasing Do must ho learned hy esporionce, The di- 
vergence of tho wind-tunnel wall ahead of tho fan should 
not "be so ahrupt as to cause tho flow to separate from tho 
tunnel wall. If countorvanos aro to ho used in conjunc- 
tion with tho fan, tho rotational officioncy hocomos of 
secondary interest hecauso the rotational loss is regained 
Gxcopt for tho small profile loss in the countorvanos thom- 
solvos, Prosumahly tho adverse effect of increased wotted 
area would, at some point, offset the henefit of increased 
efficiency. Influence of the huh-housing diameter ratio 
Dq/D is discussed in reforence i; 

. OPTIiiUH TAIT DBSI&IT 



"Optimum ' fan " horc implies a fan whoso hlado oloments 
work at tho highest lift-drag ratio of tho airfoil sootion, 
A distrihution . of axial velocity undistorted hy the fan is 
also implied. Design of a wind-tunnel fan is begun with 
the information furnished by the wind-tunnel designer: 
volume flow, air density, drive power, shaft speed, fan di- 
ameter, and hub-housing diameter, Tho number of blades 
used is assumed not to influence aerodynamic behavior of 
tho fan and is to be dotorminod chiefly from considerations 
of blade strength. Blade interference and number of blades 
are dealt with in reference 1 and blade strength is dis- 
cussed in reference 5a Choice of num'^^or of blades com- 
pletes the information noodod to computo the rotation con- 
stant of tho fan, Irom oquation (20) 



P 

T = 5 r 

(nD)^ B M 
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The first asBixmption be made hy the designer must 
"be with regard to the di strihutiom of axial velocity- 
through the fan. An axial-velocity di strihutioni,can "be es- 
ta"blishod "by a judicious use ojf" information contained in 
roforcnces 6 and 7, This pro'cedurp involvSa ..coraputatiou 
of the volocitios in tho boundary layor noar a wall and in 
the vicinity of. a body of given shape and adjustment of 
the velpcities to giy-e. the correct volume f-low. After much 
work, however, the designer --Ti 11 still have only an approx- 
imation. For most- wind-tunnel-fan designs, the assumption 
of unifo.rm axial . velocity reduces labor and, except in ex- 
treme cases, does not introduce serious error, Dotormina- 
tion of helix angle, blado shapo, and' blado twist is raoro 
or loss straightforward and is adapted to. tabulation, 

Tho helix angle for each radial station can bo computod 
from tho dofinitioHi 



0 = tan 



2rrrn - | 



If equation (23) is substituted for w, ^ becomes a 
function of J' and T, 



0 = tan-^ I- 
nD 



2tt 



T3 
4tt ^ 



"1 . . 
-T:taa jl 



T B 
4tT ^ 



(27) 



After selection of the blade airfoil profiles, blade shape 
and orientation can be determined from equation (21)* 



b = 



23} T sin" 0 
J* sin (9}-+ 7) 



Either lift coefficient or blade -width may be arbitrarily 
chosen, Por the optimum fan; the lift coefficient is 
chosen to correspond to the smallest value of the D/I» 
ratio, shown by airfoil characteristics-, and the blade 
width is computed,- If the blade-width ' distribution is 
fixtod, as is sometimes desirable .from strength considera- 
tions, the lift coefficient can bo computed by succoaeivo 
approximations mado with. ..suQ^pgp.alvoly ass-amod values of 7, 
Usually two approximations . giVq tho correct lift cooffi- 
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cient, ±0,005» and tlie corresponding 7 checks th.e assumed 
value within ±0,05°, Airfoil cliaractoristics determine the 
angle of attack along with, the lift coefficient and 7, 
Because there is usually only a small clearance hetween 
"blade tip and duct wall, it is assumed that no tip vortices 
are shed from the olades of a fan working in a duct. On 
the "basis of this assumptioni, flow about the "blade profile 
is two-dimensional and airfoil characteristics for iiifinite 
aspect ratio are used in computing fan characteristics. 
The hlade angle is the sum of the angle of attack and the 
holix angle. 

Two expressions oach are availahlo for elemental 
torgue and thrust coefficients: 



Oo« = (Ji) (- r.lp sin (?( + 7) 



2 sin" 0 cos 7 



T J' 



tan (0 + 7) 



Otnt = r-r COS (9$ + 7) 

. 2 sin 0. cos 7 

Use of hoth expressions serves as a check on computations. 
Integration of the elemental coefficients gives the corre- 
sponding fan coefficients. 



0.5 

Oq = B / Oq' d 



0.6 

r 



01 = 3 j Oj« d "(l) 



For any distribution of axial velocity, over-all fan 
efficiency is the ratio of the useful work to the work 
input • 
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J" Y A fp 



Tl = 

2rn n. L q, 



The torq.ue and-, thrust .increiaents are given in equations 
(2) and (6). 



O. 5 

V P n^ 3 Ogj« d 



= ■■ 

0, 5 

J" Stt n P n® B Oq« d (J) 



, ^ V '1 d) M 2„ v *(§) 

O. 5 



(28) 



De-termination of the thrust and the efficiency of a fan 
for a given power and the size and the shape of the "blades 
complotos tho aorodyziamic 'design.. 
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Performance estimation, as opposed to design, includes 
the determination of power assorted, titmst, mass flow, and 
efficiency of a fan, the size and the shape of which are 
already known. Pan performance, as well as design, depends 
directly upon the energy ratio of the wind tunuol in which 
tho fan works, Tho method of porformancQ ostimation out- 
lined here is "based on the following assumptions: (l) At 
any given time, "all elements of a fan operate at the same 
value of the rotation constant; (2) the distrihution of 
axial velocity, through the fan is controlled "by the fan 
itself; and (3) a different distribution exists for each, 
value of the rotation constant. This procedure is as ap- 
plicable to -variable-pitch fans as to those having fixed 
blades, and in the case of either is laborious. 

When information at hand consists only of the dimen- 
sions of the fan and the wind tunnel and the energy ratio 
of the wind tunnel, the analyst knows nothing of the fan's 
operation except that a certain thrust will accompany a 
certain mass flow. This fact is known from the wind-tunnel 
characteristics and leads to the following equation, (for 
derivation, see appendix D): 




C29) 



where the fan wind-tunnel constant 



-n^ , 2rr2 33^ /p_ A„v^ 
X - design {1JL_S. ) 

E Aj, W -^T^ 

The design efficiency "Hdesign foregoing expression 

is the fan efficiency that was assumed in computing the 
energy ratio. 

The relation involving the thrust-torque-rotation con- 
stant, expressed by equation (29), coupled with the perti- 
nent assumption that all blade elements operate at the 
same value of the rotation constant at a given instant fur- 
nishes means for a systematic analysis, Tho first stop is t 
prepare, for oach r/D station, charts of Gq' and Oip' 
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plotted against. J.' . ^(.flg, '5) , TJlese chart b sliovr values 
of Cq' , C{{i* , and J* for constant blado angles and for 
constant values of tho rotation constant T, 

• Basic design information, will show whether the hlado 
angles are fixed or variable and will indicate the range 
of J' and T over whi'ch tjxe blade oleme'nts will ho ro- 
quirod to work, Ono sot of computations fisros Oq' , Crjt', 
and tho hlado angle for a sorios of assumed J« valuos at 
ono valuo of T at one r/D station. Jot tho givon r/D 
station., a roasonahlo valuo of T is chosen and sovoral 
J' valuos aro. soloctod, which "bracket, the working range 
of the section. An outline of .a sample computation pre- 
paring Oq' ■ and Orp' charts follows. 
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E. - ic 



■b = 



T = K= 



tan 9 = Es J< 



tB 



2D T sin^ ^ 



J' b sin (?{ + 7) sin (0 + 7) 



T J« 



tan (0 + 7) 



tan 9^ 

sin 0 

= 2P T sin^ 0 
^ jt -b 

Assumed 7 

(0 + "Y) 
Bin (0 + 7) 
tan (95 + 7) 



sin (0 + 7) 



a 

2. = tan 7 

7 (must checlc asstuned 
Value) 

p = 0 + a 
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X chart 
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When values of ^(^' and Obi' are plotted, the corre- 
sponding values of the hiad'e angle are noted, The fore- 
going computation must "be . repeated for enough -values of T 
to cover the working range of the fan. Curves for constant 
values of T can be faired directly. Curves for constant 
"blade angles must "b© fa"ired' "by i-ntisrpolating the values 
noted in plotting, . Similat charts must "be. prepared f or 
fivo or six r/3) stations. , 

Consider performance estimation for a f ixod-p^tch fan, 
She "blade angle at each r/D stis-tion will "be known. For 

the proper hlade angle at each r'/D station, read from 
the Cq' and Cgj' charts values of Oq' and Cij' corre- 
sponding to a single value .of T, The value of J' will 
vary' from station to station if the distri"bution of axial 
velocity is not uniform. Integrate Oq' and 0^' to get 

and Cj, Repeat the foregoing procedure for two other 

values of T and plot Gr|i against (^^^ • On the same 

chart plot oq.uation (29). Tiio i.ntorsoct ion of the two 
curves, shown In the following diagram called the X chart 
gives Oq, Crji and, iy interpolation, gives tho T valuo 

under which tho fan oporatos at tho specif iod "blado--anglo 
sotting. 

Tho chart shoTrn is for ai "v.aria"blo -pitch fan, For a 
fixed-pitch, fan only ono curve exists, 

Ta"bulate onc.ircled "points on ^ chart and compute 
tho efficiency and tho mass flow. Tho form following is a 
simple ono foT this purpose:- 



Po 

(dog) 


T 


.CfT 




•n 




10.0 
14.1 
15.0 
18.2 
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Turther desiralJle information includes the efficiency, 
the axial-velocity distribTition, and the mass flow. Axial- 
velocity distribution varies directly as J', As the work- 
ing T is now known, as well as the blade angle, values of 
Ogj' and J' can be taken directly from tho Oip' charts 

and the integrated product J' C^p' can be used in equation 
(28) to deteraine the fan efficiency, liass flow can be 
computed from equation (30), whicli is derived from the def- 
inition of the rotation constant. 

U = «I n (30) 

Throat velocity must be computed from the mass flow. Inas- 
much as fan diameter S is included in the primary infor- 
mation, all performance characteristics are now known in 
terms of shaft speed, n. The shaft speed depends entirely 
on the type of driving power rotating the fan. If the type 
of driving power is known, tho thrust, tho powor, tho of- 
ficioncy, and tho mass flow can bo found immodiatoly for 
one blado-anglo setting. 

If the wind-tunnel fan is of the variable-pitch type, 
analysis at each of a series of blade-angle settings will 
be necessary. The A chart will then carry a curve for 
each blade-angle setting as shown, Bocauso the distribu- 
tion of axial velocity through tho fan is assunod to bo 
nonuniform and to vary Trith operating conditions, tho slip 
function V/nD loses some of its moaning. Setter paraa- 
otors for oxprossing wind-tunnel fan characteristics are 
blado anglo ^ or rotation constant T, Final informa- 
tion, including shaft speed, power, thrust, efficiency, 
and volume flow, again is dependent upon the type of driv- 
ing power. 
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APPENDIX A 



Wiien fluid moves ttirougli a fan -rritla. axial velocity V 
at radius r, the force required to inpart continuously a 
tangential velocity w to an annulus of fluid of thiclcness 
Ar is ■ 

Aff = (2n r A r) P V w 

If this force is supplied "by the fan rotating at shaft 
speed n, power exiDended in rotating the annulus of fluid 
is 

AP=2TTrn AP = 3TTrn (2tt r P V Ar) w 

Eotational energy in the annulus of fluid leaving the 
fan in unit time is 

AE = (2tt r P V A r)^ 

T/hich is equal to the power lost. 

The rotational efficiency of the fan-hlade element at 
radius r is 

, - power loss 
f)- • = 1 — 

^ power input _ - • 

(2tt r P V A r) ~- 

I =1 e 

^ 2tt r n (3rr r P V A r) w 



■a 2tt r n 



AFPEEDIX S. 



UJ dr = t\q' (- UJrdu) + 4?rTnuJdr + Srrnrdu) - o) dr) (14) 
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(1 + 'Ho') w^dr = T|o' (- ujrckju + -^frrnujir + Srrnrdw) 
j2. lo^dr + turduj - Srrn (2{judr + rdw) = 0 



•He 

w^dr + 2io^dr - cju^dr + ujrdu) - Srrn (2(judr+rduj) 

'0 



i - • ,..2. 



'o 



ID dr + iu(2u)dr + rdcu) - Srrn (2tUdr+rda») = 0 



1 - "n^' a 

— OD'^dr + (2(Uir + rdu)) (lu - Srr-O = 0 

'o 



— (- — ) dr + (2 — . dr + r ^) ( i) 



Let la_ = a 

and -"i— = x 

Snrn 

Then, ax%r + (2xdr + rdx) (x - l) = 0 



®'" dr + 2xdr + rdx = 0 



X - 1 

a 



+ 2x ) dr + rdx = 0 



ax" + 2x(x. - 1) 



dr , dx dx 

— + 



r ax + 2(x - l) ax^ + 2x^ - 2x 

dr dx dx _ q 

r (a + 2)x - 2 x [(a + 2)x - 2] 

Lot (a + 2) = Tj 

Then, 
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J r ,./ bx - 2 J 



- log O3 



z Cbx - 2) 



log r + i r + - /"^ s = log 



1 /2 1 1 /2 ^ 

log r + log \^ - + 2 -"-^^ ^ ■* 2 Vb ~ ^) ^' 

2 log r + - 1^ log (f - + log ^ = log ^6 

x-f 

log X - log \r - 3c ) = log O7 



1-^ 



= ° (I - 

i-fn 

3 (^) = 0 (-^ - -HL) ° (15) 



APPEITDIX G . - 

If a uniform distribution of axial velocity is as- 
sumed, the rotational efficiency of tlie entire fan is 

/ mass flow throiigh annulus (at radius r) z elemental 

% = — J 



% = II 7 ^^'^^^ -J 8„°r° 
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From equation (20 ) 



4n 



0.5 



d 



(I) 



r/D 



f B (nD) M 



= 1 - 



P V P 



4rrn''M {pVttD^ [o.25 - (^) ]} 



log 



0.5 



= 1 - 



(ttixD) U 



log 



(26) 



APPEKDIX D 



The resistance of the interior of a wind tunnel to 
air flow through the tunnel is assuiaed here to increase as 
the square of the throat velocity. The power in a cross 

section at the throat is 



3?he energy ratio is 



In order to indicate .the- effectiveness of the wind-tunnel 
tube as a dlffuser, the' fan"ef f 1 ciency "Hdesign ^i*^ 
which the drive power is applied, must ho stated, This 
same value of sfficioncy was assumed in computing the ener- 
gy ratio of tho wind tunnel. 
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3 1 

1 X sliaft poisrer =■ Pj Tgi Agj K. Vr 



thrust power _ M Tip' 
■^design . 



= ^JL— Z X mean velocity tlirougii fan^ 



a 



T 



0.5 



Pj Ai]i Aji 



(r/D) 



o 

0.5 



Pg Aj, 2TTnD^ 



pj Arjj TBAj. 



B 



(r/D), 



0.6 



P^ Arjj T SAy J <4 VD/ 

(r/D)' 



2 STrnD^ 



Pm Am AjB T 



Tlirust power = ■■ "iji 

iSJSi 

TliEUst power = X volume flow th-rQUgi"- .fan 



Aj 



2 _ ■ 11: 



Pji Aji 



■''^design 



2S 
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2 ,,2 . 2 „ 2 



B Ay 3^ ^PjAjj/ 



Let 



^ = 



VpTaI/ 



E Ap B** . ^ Pj; -^^rp' 
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/^/^//re 4-- W//7a/ i-i//7/7e/ -Fan //T^/a//aHo/r /fav/ffg 




/^/'0ure S.- Diagram of C^GcC^ chart, 



